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4F3(1) series
R. M. Green Ilia D. Mishev Eric Stade
Abstract
We investigate sums K(~x) and L(~x) of pairs of (suitably normal-
ized) Saalschu¨tzian 4F3(1) hypergeometric series, and develop a theory
of relations among these K and L functions.
The function L(~x) has been studied extensively in the literature,
and has been shown to satisfy a number of two-term and three-term re-
lations with respect to the variable ~x. More recent works have framed
these relations in terms of Coxeter group actions on ~x, and have devel-
oped a similar theory of two-term and three-term relations for K(~x).
In this article, we derive “mixed” three-term relations, wherein
any one of the L (respectively, K) functions arising in the above con-
text may be expressed as a linear combination of two of the above K
(respectively, L) functions. We show that, under the appropriate Cox-
eter group action, the resulting set of three-term relations (mixed and
otherwise) among K and L functions partitions into eighteen orbits.
We provide an explicit example of a relation from each orbit.
We further classify the eighteen orbits into five types, with each
type uniquely determined by the distances (under a certain natural
metric) between the K and L functions in the relation. We show
that the type of a relation dictates the complexity (in terms of both
number of summands and number of factors in each summand) of the
coefficients of the K and L functions therein.
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1 Introduction
The theory of hypergeometric series of type 2F1 was systematically devel-
oped by Gauss [11]. Subsequently, generalized hypergeometric series of type
pFq, where p and q are positive integers, were studied in the late nineteenth
and early twentieth century by Thomae [29], Barnes [3, 4], Ramanujan [14],
Whipple [31, 32, 33], Bailey [1, 2], and others. In particular, relations among
3F2, 4F3, 7F6, and 9F8 series of unit argument were obtained. More recently,
a number of these relations, as well as analogous relations among basic hy-
pergeometric series, have been put into group-theoretic frameworks. See the
papers of Beyer et al. [5], Srinavasa Rao et al. [23], Formichella et al. [9], Roy
[22], Mishev [20], Van der Jeugt and Srinavasa Rao [30], and Lievens and
Van der Jeugt [17, 18]. Other papers of interest include those of Groenevelt
[12], van de Bult et al. [6], and Krattenthaler and Rivoal [16].
Among numerous relatively recent applications, hypergeometric series
have played a role in the theory of automorphic functions, cf. Bump [7],
Stade [24, 25, 26, 27], and Stade and Taggart [28]; and in atomic and molec-
ular physics, cf. works by Drake [8], Grozin [13], and Raynal [21].
In this paper, we expand on the work in [9] and in [20] concerning certain
sums of pairs of hypergeometric series.
More specifically: Formichella et al., in [9], study a function denoted
K(a; b, c, d; e, f, g), where a, b, c, d, e, f, g ∈ C and e+f +g−a−b−c−d = 1,
which is a linear combination of two Saalschu¨tzian 4F3(1) hypergeometric
series. (This function K(a; b, c, d; e, f, g) arises in the theory of archimedean
zeta integrals for automorphic L functions, cf. [27, 28].) It is shown that
K(a; b, c, d; e, f, g) is invariant under a certain action of the symmetric group
S6 on the affine hyperplane
V = {(a, b, c, d, e, f, g)T ∈ C7 : e + f + g − a− b− c− d = 1},
and thus the existence of 720 two-term relations for K(a; b, c, d; e, f, g) is
demonstrated. Furthermore, a set of 4960 three-term relations satisfied by
K(a; b, c, d; e, f, g) is described, and is classified into five families, based on
the notion of Hamming type.
Analogously, Mishev investigates, in [20], a function L(a, b, c, d; e; f, g)
that is a different linear combination of two Saalschu¨tzian 4F3(1) hypergeo-
metric series. (The series L(a, b, c, d; e; f, g) arises, in [25], in the evaluation
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of the Mellin transform of a spherical principal series GL(4,R) Whittaker
function, and has been studied in other contexts, as described below.) It is
shown in [20] that the Coxeter group W (D5), which has 1920 elements, is an
invariance group for the function L(a, b, c, d; e; f, g), and thus the existence
of 1920 two-term relations for L(a, b, c, d; e; f, g) is demonstrated. Moreover,
it is shown that L(a, b, c, d; e; f, g) satisfies 220 three-term relations, which
are classified into two families based on the notion of L-coherence.
As noted above, the L function has been considered elsewhere. Versions of
this function, written in terms of very-well-poised 7F6(1) series, were studied
previously by Bailey [1], Whipple [33], and Raynal [21]. (Those authors study
two-term and three-term relations, but do not put their results in a group-
theoretic framework.) The L function also appears as a Wilson function (a
nonpolynomial extension of the Wilson polynomial) in [12]. Van de Bult
et al. [6] examine generalizations to elliptic, hyperbolic, and trigonometric
hypergeometric functions. A basic hypergeometric series analog of the L
function, in terms of 8φ7 series, was studied by Van der Jeugt and Srinavasa
Rao [30] and by Lievens and Van der Jeugt [17].
In this paper, we build up on the three-term relations derived in [9] and
[20]. In particular, we obtain three-term relations that involve oneK and two
L functions, called (K,L, L) relations, and three-term relations that involve
one L and two K functions, called (L,K,K) relations. We further classify the
(K,L, L) relations into four families and the (L,K,K) relations into seven
families. The classification is done according to the theory of group actions,
as follows.
We consider the action of a matrix group M , isomorphic to the Coxeter
group W (D6) of order 23040, on the hyperplane V . (The group M is the
same, elementwise, as the groups MK and ML considered in [9] and [20],
respectively.) We further consider subgroups GK and GL of M : GK , which
is isomorphic to S6, is an invariance group for K(a; b, c, d; e, f, g), while GL,
which is isomorphic to the Coxeter group W (D5) of order 1920, is an invari-
ance group for L(a, b, c, d; e; f, g).
For ~x = (a, b, c, d, e, f, g)T ∈ V , let us denote K(a; b, c, d; e, f, g) and
L(a, b, c, d; e; f, g) by K(~x) and L(~x), respectively. We show in this work
that:
(a) For any σ, τ, µ ∈ M such that τ and µ are in different right cosets of
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GL in M , there exists a three-term relation involving K(σ~x), L(τ~x),
and L(µ~x). The total number of such (K,L, L) relations is 32×
(
12
2
)
=
2112. These 2112 relations fall into four orbits, of sizes 960, 480, 480,
and 192 respectively, under the action of M by right multiplication on
(GK\M)× S(L
2). Here, S(L2) denotes the set of two-element subsets
of GL\M .
(b) For any σ, τ, µ ∈M such that τ and µ are in different right cosets of GK
in M , there exists a three-term relation involving L(σ~x), K(τ~x), and
K(µ~x). The total number of such (L,K,K) relations is 12 ×
(
32
2
)
=
5952. These 5952 (L,K,K) relations fall into seven orbits, of sizes
1920, 960, 960, 960, 480, 480, and 192 respectively, under the action of
M by right multiplication on (GL\M)× S(K
2) (where S(K2) denotes
the set of two-element subsets of GK\M).
The above results generalize expressions found in [19] for K(~x) as a sum
of two particular L functions, and for L(~x) as a sum of two particular K
functions.
Thus there are eighteen distinct families of three-term relations for K and
L functions: two relating three L functions, five relating three K functions,
four relating a K function to a pair of L functions, and seven relating an L
function to a pair ofK functions. In this paper, we present an explicit relation
from each family. We further classify the eighteen families into five types,
according a certain metric on the set T = (GK\M) ∪ (GL\M). Finally, a
correspondence is exhibited between the type of a relation and the complexity
(measured in terms of the number of summands, and the number of factors
in each summand) of the coefficients therein.
2 Definitions and notations
The hypergeometric series of type p+1Fp is defined by
p+1Fp
[
a1, a2, . . . , ap+1;
b1, b2, . . . , bp;
z
]
=
∞∑
n=0
(a1)n(a2)n · · · (ap+1)n
n!(b1)n(b2)n · · · (bp)n
zn,
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where p ∈ Z+, a1, a2, . . . , ap+1, b1, b2, . . . , bp, z ∈ C, and the rising factorial
(a)n is given by
(a)n =
{
a(a+ 1) · · · (a + n− 1), n > 0,
1, n = 0.
Note that, by the functional equation
Γ(s+ 1) = sΓ(s) (Re(s) > 0)
for the gamma function, we have
(a)n =
Γ(a+ n)
Γ(a)
for a 6∈ {0,−1,−2, . . .}.
The series in (2) converges absolutely if |z| < 1, or if |z| = 1 and
Re(
∑p
i=1 bi −
∑p+1
i=1 ai) > 0 (see [2, p. 8]). To avoid poles, we assume that
no denominator parameter b1, b2, . . . , bp is a negative integer or zero. If a
numerator parameter a1, a2, . . . , ap+1 is a negative integer or zero, the series
has only finitely many nonzero terms, and is said to terminate.
When z = 1, we say that the series is of unit argument, or of type p+1Fp(1).
If
∑p
i=1 bi −
∑p+1
i=1 ai = 1, the series is called Saalschu¨tzian (or, equivalently,
balanced). If 1+a1 = b1+a2 = · · · = bp+ap+1, the series is called well-poised.
A well-poised series that satisfies a2 = 1 +
1
2
a1 is called very-well-poised.
The functions K(~x) = K(a; b, c, d; e, f, g) and L(~x) = L(a, b, c, d; e; f, g)
studied in [9] and [20], respectively, are defined by
K(~x)
=
4F3
[
a, b, c, d;
e, f, g; 1
]
sin πaΓ(a)Γ(1 + a− e)Γ(1 + a− f)Γ(1 + a− g)Γ(e)Γ(f)Γ(g)
+
4F3
[
a, 1 + a− e, 1 + a− f, 1 + a− g;
1 + a− b, 1 + a− c, 1 + a− d; 1
]
sin πaΓ(a)Γ(b)Γ(c)Γ(d)Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a− d)
=
1
sin πaΓ(a)Γ(b)Γ(c)Γ(d)Γ(a)Γ(1 + a− e)Γ(1 + a− f)Γ(1 + a− g)
×
(
4F
∗
3
[
a, b, c, d;
e, f, g;
1
]
+ 4F
∗
3
[
a, 1 + a− e, 1 + a− f, 1 + a− g;
1 + a− b, 1 + a− c, 1 + a− d;
1
])
, (2.1)
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and
L(~x)
=
4F3
[
a, b, c, d;
e, f, g; 1
]
sin πeΓ(1 + a− e)Γ(1 + b− e)Γ(1 + c− e)Γ(1 + d− e)Γ(e)Γ(f)Γ(g)
−
4F3
[
1 + a− e, 1 + b− e, 1 + c− e, 1 + d− e;
2− e, 1 + f − e, 1 + g − e; 1
]
sin πeΓ(a)Γ(b)Γ(c)Γ(d)Γ(2− e)Γ(1 + f − e)Γ(1 + g − e)
=
1[
sin πeΓ(a)Γ(b)Γ(c)Γ(d)Γ(1 + a− e)
×Γ(1 + b− e)Γ(1 + c− e)Γ(1 + d− e)
]
×
(
4F
∗
3
[
a, b, c, d;
e, f, g;
1
]
− 4F
∗
3
[
1 + a− e, 1 + b− e, 1 + c− e, 1 + d− e;
2− e, 1 + f − e, 1 + g − e;
1
])
,
(2.2)
where
4F
∗
3
[
a, b, c, d;
e, f, g;
1
]
=
Γ(a)Γ(b)Γ(c)Γ(d)
Γ(e)Γ(f)Γ(g)
4F3
[
a, b, c, d;
e, f, g;
1
]
=
∞∑
k=0
Γ(k + a)Γ(k + b)Γ(k + c)Γ(k + d)
k!Γ(k + e)Γ(k + f)Γ(k + g)
and ~x = (a, b, c, d, e, f, g)T ∈ V .
Remark 2.1. The function K(~x) defined above is, in fact, 1/(sin πaΓ(a))
times the function K(~x) considered in [9]. The renormalization provided
here will allow for greater simplicity and uniformity of the three-term rela-
tions studied in Sections 5 and 6 below. Moreover, because all invariances
(two-term relations) for K described in [9] preserve the first coordinate of
(a, b, c, d, e, f, g)T , such invariances continue to hold under our new normal-
ization.
We will call the two Saalschu¨tzian 4F3(1) series in the definition of the K
function complementary with respect to the parameter a, and will call the two
Saalschu¨tzian 4F3(1) series in the definition of the L function supplementary
with respect to the parameter e.
We note that, by [2, Eq. (7.5.3)], the L function can be expressed as a
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very-well-poised 7F6(1) series:
L(a, b, c, d; e; f, g)
=
Γ(1 + A)[
πΓ(1 + A− B)Γ(1 + A− C)Γ(1 + A−D)
×Γ(1 + A− E)Γ(1 + A− F )Γ(2 + 2A−B − C −D − E − F )
]
× 7F6

 A, 1 +
1
2
A,B,C,D,E, F ;
1
2
A, 1 + A− B, 1 + A− C, 1 + A−D, 1 + A− E, 1 + A− F ;
1

 ,
(2.3)
where
A = d+ g − e, B = g − a, C = g − b,
D = g − c, E = d, F = 1 + d− e,
and we require that Re(2+2A−B −C −D−E −F ) = Re(f − d) > 0. The
above representation of the L function as a very-well-poised 7F6(1) series can
also be written as
L(a, b, c, d; e; f, g) =
ψ[A;B,C,D,E, F ]
π
,
where ψ is the function defined in [33, Eqs. (2.1) and (2.11)]. Thus, the results
concerning the L function can also be interpreted in terms of the very-well-
poised 7F6(1) series given in (2.3). However, in the present paper, we primar-
ily view the L function as a linear combination of two Saalschu¨tzian 4F3(1)
series, because this representation connects the L function more directly to
the K function, which is also defined as such a linear combination. We also
note that the very-well-poised 7F6(1) series version of the L function con-
verges only for appropriate values of the parameters, while the Saalschu¨tzian
condition e + f + g − a − b− c− d = 1 guarantees the convergence of both
4F3(1) series in the definition of the L (and the K) function.
3 Previously obtained results concerning the
functions K(~x) and L(~x)
In this section, we review the results obtained in [9] and [20] regarding the
functions K(~x) and L(~x), respectively.
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Consider the matrix groupGL(7,C), acting on C7 from the left. If σ ∈ S7,
we will identify σ with the element of GL(7,C) that permutes the standard
basis {e1, e2, . . . , e7} of the complex vector space C
7 according to the permu-
tation σ. For example,
(123) =


0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


.
We will also let A ∈ GL(7,C) be the matrix
A =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 −1 0 0 0 1
0 0 0 −1 0 0 1
0 0 −1 −1 1 0 1
0 0 −1 −1 0 1 1
0 0 0 0 0 0 1


, (3.1)
so that, if ~x = (a, b, c, d, e, f, g)T ∈ V , then
A~x = (a, b, g − c, g − d, e+ g − c− d, f + g − c− d, g)T
= (a, b, g − c, g − d, 1 + a + b− f, 1 + a+ b− e, g)T ∈ V.
We consider the subgroup M of GL(7,C) defined by:
M = 〈(12), (23), (34), (56), (67), A〉.
It is shown in [9] and [20] that M is isomorphic to the Coxeter group W (D6)
of order 23040.
The Coxeter groupW (D6) is well-known to have a center consisting of two
elements (see [15, pp. 82 and 132]). We denote by w0 the unique nonidentity
element in the center of M . The element w0 is called the central involution,
and is computed to be
w0 = (12)(34)[[(1234)(567)]
2A]4.
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We observe that, if ~x = (a, b, c, d, e, f, g)T ∈ V , then
w0~x = (1− a, 1− b, 1 − c, 1− d, 2− e, 2− f, 2− g)
T .
We next consider the following subgroups of M :
GK = 〈(23), (34), (56), (67), A〉
and
GL = 〈(12), (23), (34), (67), A〉.
Then:
(a) It is shown in [9] that GK is an invariance group for K(~x); that is,
K(~x) = K(α~x) for all α ∈ GK ,
and, furthermore, that GK is isomorphic to the symmetric group S6
of order 720. This gives 720 invariances, or two-term relations, for the
function K.
(b) Similarly, it is shown in [20] that GL is an invariance group for L(~x),
meaning
L(~x) = L(β~x) for all β ∈ GL,
and, furthermore, that GL is isomorphic to the Coxeter group W (D5)
of order 1920. This gives 1920 invariances, or two-term relations, for
the function L.
We can express the above invariances of K(~x) and L(~x) succinctly if we
reparameterize the K and L functions as follows. Let
K˜(x0, x1, x2, x3, x4, x5) = K(A;B,C,D;E, F,G) (3.2)
and
L˜(x0, x1, x2, x3, x4, x5) = L(A,B,C,D;E;F,G), (3.3)
where
A =
1
2
+ x0 + x1 + x2 + x3 + x4 + x5, B =
1
2
+ x0 + x1 + x2 − x3 − x4 + x5,
C =
1
2
+ x0 + x1 + x2 + x3 − x4 − x5, D =
1
2
+ x0 + x1 + x2 − x3 + x4 − x5,
E = 1 + 2x1 + 2x2, F = 1 + 2x0 + 2x1, G = 1 + 2x0 + 2x2. (3.4)
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(This reparameterization of the L function is equivalent to the reparameter-
ization given in [33, equation (3.1)].) Then the following is readily shown:
(a) The invariance of K(~x) under the group GK ∼= S6 amounts to the
equivalence of the 720 functions of the form
{K˜(xi0 , xi1 , xi2 , xi3 , xi4 , xi5) : (i0, i1, i2, i3, i4, i5)
is a permutation of (0, 1, 2, 3, 4, 5)}.
(b) The invariance of L(~x) under the group GL ∼= W (D5) amounts to the
equivalence of the 1920 functions
{L˜(x0,±xi1 ,±xi2 ,±xi3 ,±xi4 ,±xi5) : (i1, i2, i3, i4, i5) is a permutation
of (1, 2, 3, 4, 5) and the number of negative signs is even}.
The three-term relations for K(~x) and L(a, b, c, d; e; f, g) are governed by
the right cosets of their invariance groups GK and GL, respectively, in M , as
follows.
First we discuss the three-term relations for K(~x). The number of right
cosets of GK in M is |M |/|GK | = 23040/720 = 32. In [9], these cosets are
indexed in the following way: consider the transformation R of C4 defined
by
R(x, y, z, t) = (y, z, t, x).
Denote the images of the vectors (a, b, c, d) and (1, e, f, g) under the jth power
transformation Rj by (aj, bj , cj, dj) and (1j, ej , fj, gj) respectively. Also, for
k ∈ {0, 1, . . . , 15}, write k = 4q + r with 0 ≤ q, r ≤ 3. Then we denote by pk
the element of GK\M that contains the transformation
~x→
(
1 + ar − 1q, 1 + br − 1q, 1 + cr − 1q, 1 + dr − 1q,
1 + eq − 1q, 1 + fq − 1q, 1 + gq − 1q
)T
∈ V, (3.5)
and by nk the element of GK\M that contains the transformation
~x→
(
1q − ar, 1q − br, 1q − cr, 1q − dr,
1 + 1q − eq, 1 + 1q − fq, 1 + 1q − gq
)T
∈ V. (3.6)
Note that, for each k ∈ {0, 1, . . . , 15}, pk and nk are interchanged under the
action of the central involution w0.
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Definition 3.1. We define the Hamming distance d(σ, τ) between elements
σ, τ ∈ GK\M by
d(p4q+r, p4s+t) = d(n4q+r, n4s+t) = 4− 2(δq,s + δr,t),
d(p4q+r, n4s+t) = d(n4q+r, p4s+t) = 2 + 2(δq,s + δr,t),
for q, r, s, t ∈ {0, 1, 2, 3}, where δq,s denotes the Kronecker delta.
Remark 3.2. The definition of Hamming distance given in [9] appears, a pri-
ori, quite different from the one given above, but, as may readily be checked,
the two definitions are equivalent.
For example,
d(p3, n8) = 2 + 2(δ0,2 + δ3,0) = 2.
Note also that, for any k ∈ {0, 1, . . . , 15}, d(pk, nk) = 6.
It is shown in [9, Lemma 6.3] that the right coset space GK\M is a metric
space with respect to Hamming distance, and that the action ofM on GK\M
by right multiplication is an isometry with respect to this distance.
Definition 3.3. Let S(K3) denote the set of three-element subsets ofGK\M .
The Hamming type of {σ, τ, µ} ∈ S(K3) is defined to be the three-digit integer
abc, where a is the shortest among the Hamming distances d(σ, τ), d(σ, µ),
and d(τ, µ); b is the next shortest; and c is the longest.
Note that |S(K3)| =
(
32
3
)
= 4960. It is shown in [9, Proposition 6.5] that
each element of S(K3) has Hamming type 222, 224, 244, 246, or 444, and that
the action of M on S(K3) by right multiplication (elementwise) partitions
S(K3) into five orbits, with each orbit consisting of all elements of a given
Hamming type.
Write Kσ(~x) for K(α~x) whenever α ∈ M belongs to the right coset
σ ∈ GK\M . A three-term relation among the functions Kσ, Kτ , and Kµ
is called an abc relation if {σ, τ, µ} is of Hamming type abc. Explicit three-
term relations for each of the Hamming types 222, 224, 244, 246, and 444 are
obtained in Propositions 7.3, 7.4, 7.5, 7.6, 7.7, respectively, of [9]. Applying
the action ofM to the K functions and the coefficients of these five relations,
we thereby obtain 4960 three-term relations, partitioned by Hamming type
into five families.
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Remark 3.4. Let K˜ be as defined in equations (3.2) and (3.4) above. Then
the set of 23040 K functions that relate to each other via the three-term
relations just described is equal to the set
{K˜(±xi0 ,±xi1 ,±xi2 ,±xi3 ,±xi4 ,±xi5) : (i0, i1, i2, i3, i4, i5) is a permutation
of (0, 1, 2, 3, 4, 5) and the number of negative signs is even}.
Moreover, the set
{K˜(±x0,±x1,±x2,±x3,±x4,±x5) : the number of negative signs is even}
equals the set
{Kσ(~x) : σ ∈ GK\M}.
We turn next to a discussion of three-term relations for L(~x). The number
of right cosets of GL in M is |M |/|GL| = 23040/1920 = 12. The 12 right
cosets of GL in M are labeled in [20] by 1, 2, . . . , 6, 1, 2, . . . , 6, where, for each
i ∈ {1, 2, . . . , 6}, i and i are interchanged under the action of the central
involution w0. In particular, the corresponding L functions are defined as
follows:
L6(~x) = L (a, b, c, d; e; f, g) ,
L5(~x) = L (a, b, c, d; f ; e, g) ,
L4(~x) = L (a, b, c, d; g; f, e) ,
L3(~x) = L (a, 1 + a− e, 1 + a− f, 1 + a− g; 1 + a− b; 1 + a− c, 1 + a− d) ,
L2(~x) = L (a, 1 + a− e, 1 + a− f, 1 + a− g; 1 + a− c; 1 + a− b, 1 + a− d) ,
L1(~x) = L (a, 1 + a− e, 1 + a− f, 1 + a− g; 1 + a− d; 1 + a− c, 1 + a− b) ,
L6(~x) = L (1− a, 1− b, 1− c, 1− d; 2− e; 2− f, 2− g) ,
L5(~x) = L (1− a, 1− b, 1− c, 1− d; 2− f ; 2− e, 2− g) ,
L4(~x) = L (1− a, 1− b, 1− c, 1− d; 2− g; 2− f, 2− e) ,
L3(~x) = L (1− a, e− a, f − a, g − a; 1 + b− a; 1 + c− a, 1 + d− a) ,
L2(~x) = L (1− a, e− a, f − a, g − a; 1 + c− a; 1 + b− a, 1 + d− a) ,
L1(~x) = L (1− a, e− a, f − a, g − a; 1 + d− a; 1 + c− a, 1 + b− a) . (3.7)
We have
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Definition 3.5. A subset of GL\M is is called L-coherent if no two elements
of this subset are interchanged by the action of the central involution w0. A
subset of GL\M that is not L-coherent is called L-incoherent.
We note that a subset of GL\M is L-coherent if and only if it does not
contain both elements of the form i and i, for any i ∈ {1, 2, . . . , 6}.
The group M acts by right multiplication (elementwise) on the set S(L3)
of three-element subsets of GL\M . There are
(
12
3
)
= 220 such subsets. It is
shown in [20, Proposition 6.6] that this group action partitions S(L3) into
two orbits—an orbit of length 160, consisting of the L-coherent elements of
S(L3), and an orbit of length 60, consisting of the L-incoherent elements.
A three-term relation among the functions Li(~x), Lj(~x), and Lk(~x), for
i, j, k ∈ {1, 2, . . . , 6, 1, 2, . . . , 6}, is said to be L-coherent if {i, j, k} is an L-
coherent set, and L-incoherent otherwise. Explicit examples of L-coherent
and L-incoherent relations are given in Propositions 7.2 and 7.4, respectively,
of [20]. Applying the action of M to the L functions and the coefficients of
these two relations, we thereby obtain 220 three-term relations, partitioned
by coherence into two families.
Remark 3.6. Let L˜ be as defined in equations (3.3) and (3.4) above. Then
the set of 23040 L functions that relate to each other via the three-term
relations just described is equal to the set
{L˜(±xi0 ,±xi1 ,±xi2 ,±xi3 ,±xi4 ,±xi5) : (i0, i1, i2, i3, i4, i5) is a permutation
of (0, 1, 2, 3, 4, 5) and the number of negative signs is even}.
Moreover, the set
{L˜(±xi, xj(i), xk(i), xℓ(i), xm(i), xn(i)) : 0 ≤ i ≤ 5},
where, for a given i ∈ {0, 1, 2, 3, 4, 5}, j(i), k(i), ℓ(i), m(i), and n(i) denote
the distinct elements of {0, 1, 2, 3, 4, 5}\{i} (in some fixed order), equals the
set
{Lσ(~x) : σ ∈ GL\M}.
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4 Coxeter group actions and orbits
In this section, we describe the group-theoretic structure behind the (K,L, L)
and (L,K,K) relations. To this end, we study the orbits of the action by
right multiplication (elementwise) of the group M on the sets
S(K,L2) = GK\M × S(L
2) and S(L,K2) = GL\M × S(K
2).
(Here, S(L2) denotes the set of two-element subsets of GL\M , and similarly
for S(K2).) All group actions in this section are assumed to be right group
actions.
The Dynkin diagram of the Coxeter group W (Dn) is given by the graph
with vertices labeled 1′, 1, 2, . . . , n − 1, where i, j ∈ {1, 2, . . . , n − 1} are
connected by an edge if and only if |i− j| = 1, and 1′ is connected to 2 only.
The presentation of W (Dn) is given by
W (Dn) = 〈s1′, s1, s2, . . . , sn−1 : (sisj)
mij = 1〉,
where mii = 1 for all i; and for i and j distinct, mij = 3 if i and j are
connected by an edge, and mij = 2 otherwise. It is well-known that the
order of W (Dn) is 2
n−1n! (see [15, Section 2.11]).
The Coxeter generators si, i ∈ {1
′, 1, 2, 3, 4, 5}, of the group M , which is
isomorphic to W (D6), are shown in [20] to be
s1 = (34), s2 = (23), s3 = (34)A, s4 = (67), s5 = (56), s1′ = (12),
where A is the matrix given in (3.1).
The invariance groups GK and GL for the functions K(~x) and L(~x), re-
spectively, are given by
GK = 〈s1, s2, s3, s4, s5〉 ∼= S6
and
GL = 〈s1′ , s1, s2, s3, s4〉 ∼= W (D5).
Consider the action of M on GL\M = {1, . . . , 6, 1, . . . , 6}. If t ∈M , then
t induces a permutation on the twelve-element set {1, . . . , 6, 1, . . . , 6}. Let
Φ : M → S12 be the induced permutation representation. For every t ∈ M ,
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the permutation Φ(t) can be uniquely described by specifying its effect on
the set {1, . . . , 6}, since the elements in {1, . . . , 6} will be permuted based on
where {1, . . . , 6} are permuted with the addition or omission of a bar. The
proposition given below is the result in Proposition 6.3 from [20]:
Proposition 4.1. The images of the generators s1, s2, s3, s4, s5, and s1′ of
M under the permutation representation Φ : M → S12 are given by
Φ(s1) = Φ ((34)) =
(
1 2 3 4 5 6
2 1 3 4 5 6
)
,
Φ(s2) = Φ ((23)) =
(
1 2 3 4 5 6
1 3 2 4 5 6
)
,
Φ(s3) = Φ ((34)A) =
(
1 2 3 4 5 6
1 2 4 3 5 6
)
,
Φ(s4) = Φ ((67)) =
(
1 2 3 4 5 6
1 2 3 5 4 6
)
,
Φ(s5) = Φ ((56)) =
(
1 2 3 4 5 6
1 2 3 4 6 5
)
,
Φ(s1′) = Φ ((12)) =
(
1 2 3 4 5 6
2 1 3 4 5 6
)
.
A further description of the permutation representation Φ : M → S12 is
given in the proposition below, which is the result in Proposition 6.4 of [20]:
Proposition 4.2. The permutation representation Φ : M → S12 is faithful,
i.e. ker(Φ) = {I7}. The embedding of M into S12 consists of all the permu-
tations of the form
(
1 2 3 4 5 6
j1 j2 j3 j4 j5 j6
)
, where each ji belongs to the
set {1, . . . , 6, 1, . . . , 6}, the ji’s are all distinct if we remove the bars, and an
even number, i.e. 0, 2, 4, or 6 of the ji’s contain a bar.
The two main results concerning the orbits of the action by right multi-
plication of the group M on the sets S(K,L2) and S(L,K2) will be given in
Proposition 4.4 and Proposition 4.5, respectively. Before we state and prove
those propositions, we need the following lemma:
Lemma 4.3. Let G be a finite group acting on the finite sets A and B. Let
{α1, α2, . . . , αn} be a complete set of orbit representatives of G acting on A.
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Let Gα1 , Gα2 , . . . , Gαn be the corresponding stabilizers of α1, α2, . . . , αn in G.
For each i such that 1 ≤ i ≤ n, let {βi,1, βi,2, . . . , βi,mi} be a complete set of
orbit representatives of Gαi acting on B. Then there are
∑n
i=1mi orbits of
the action of G on A×B and a complete set of orbit representatives is given
by I = ∪ni=1 ∪
mi
j=1 {(αi, βi,j)}. Furthermore, for any (αi, βi,j) ∈ I, the length
of the orbit containing (αi, βi,j) under the action of G on A × B is equal to
the length of the orbit containing αi under the action of G on A multiplied
by the length of the orbit containing βi,j under the action of Gαi on B.
Proof. Take any (α, β) ∈ A×B. Then there exist i ∈ {1, 2, . . . , n} and g ∈ G
such that αg = αi. Furthermore, there exist j ∈ {1, 2, . . . , mi} and h ∈ Gαi
such that (βg)h = βi,j. Hence (α, β)gh = (αi, βi,j) and so any element of
A× B is in an orbit whose representative is an element of I.
Next suppose that for some (αi, βi,j), (αs, βs,t) ∈ I, there exists g ∈ G
such that (αi, βi,j)g = (αs, βs,t). Then αig = αs and, since α1, α2, . . . , αn are
representatives of different orbits of G acting on A, we must have αi = αs and
g ∈ Gαi . Hence, since βi,jg = βs,t, we have βi,jg = βi,t. But βi,1, βi,2, . . . , βi,mi
are representatives of different orbits of Gαi acting on B, so we must have
βi,j = βi,t. Therefore (αi, βi,j) = (αs, βs,t), which shows that every two
elements of I are representatives of different orbits. We conclude that I is
a complete set of orbit representatives as claimed. From this it also follows
that there are
∑n
i=1mi orbits of the action of G on A× B.
Finally, take any (αi, βi,j) ∈ I. Let G(αi,βi,j) be the stabilizer of (αi, βi,j)
in G. By the Orbit-Stabilizer Theorem, the length of the orbit containing
(αi, βi,j) under the action of G on A×B is equal to the index of G(αi,βi,j) in
G. Now since G(αi,βi,j) ≤ Gαi ≤ G, the index of G(αi,βi,j) in G is equal to the
index of Gαi in G multiplied by the index of G(αi,βi,j) in Gαi . The index of
Gαi in G is equal to the length of the orbit containing αi under the action
of G on A. Furthermore, G(αi,βi,j) is also the stabilizer in Gαi of βi,j under
the action of Gαi on B, and hence the index of G(αi,βi,j) in Gαi is equal to
the length of the orbit containing βi,j under the action of Gαi on B. This
completes the proof of the lemma.
Proposition 4.4. There are four orbits of the action of M on S(K,L2).
Representatives and lengths of the orbits are given by
Orbit 1: Representative (p0, {6, 5}), length= 480,
Orbit 2: Representative (p0, {6, 5}), length= 960,
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Orbit 3: Representative (p0, {6, 6}), length= 192, and
Orbit 4: Representative (p0, {1, 2}), length= 480.
Proof. The group M acts transitively on the 32-element set GK\M . The
stabilizer Mp0 of the element p0 ∈ GK\M is generated by s1, s2, s3, s4, s5 and
is isomorphic to S6. By Lemma 4.3, we need to consider the action of Mp0
on S(L2). Since no orbit of this action contains both an L-coherent element
of S(L2) and an L-incoherent element, and since, by Proposition 4.1, every
element of Mp0 simply permutes the elements of {1, . . . , 6}, there are four
orbits of the action of Mp0 on S(L
2), and they are given by
{{i, j} : i, j ∈ {1, . . . , 6}, i 6= j},
{{i, j} : i ∈ {1, . . . , 6}, j ∈ {1, . . . , 6}, j 6= i},
{{i, i} : i ∈ {1, . . . , 6}}, and
{{i, j} : i, j ∈ {1, . . . , 6}, i 6= j}.
Representatives for the above orbits are {6, 5}, {6, 5}, {6, 6}, and {1, 2}, re-
spectively. A simple counting argument shows that the lengths of those orbits
are (6× 5)/2 = 15, 6× 5 = 30, 6, and (6× 5)/2 = 15, respectively.
Further, by Lemma 4.3, there are four orbits of the action of M on
S(K,L2), with representatives being (p0, {6, 5}), (p0, {6, 5}), (p0, {6, 6}), and
(p0, {1, 2}). The lengths of the orbits are 32×15 = 480, 32×30 = 960, 32×6 =
192, and 32× 15 = 480, respectively.
Proposition 4.5. There are seven orbits of the action of M on S(L,K2).
Representatives and lengths of the orbits are given by
Orbit 1: Representative (3, {p0, p1}), length= 960,
Orbit 2: Representative (6, {p0, p1}), length= 960,
Orbit 3: Representative (1, {p0, p1}), length= 960,
Orbit 4: Representative (4, {p0, n4}), length= 480,
Orbit 5: Representative (4, {p0, n4}), length= 480,
Orbit 6: Representative (6, {p0, n4}), length= 1920, and
Orbit 7: Representative (6, {p0, n0}), length= 192.
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Proof. By the results in [9], there are three orbits of the action of M on
S(K2). Each of these orbits consists of all {σ, τ} ⊂ S(K2) such that the
Hamming distance d(σ, τ) equals 2, 4, or 6. Representatives of these three
orbits are {p0, p1}, {p0, n4}, and {p0, n0}, respectively. The lengths of the
three orbits are (32×
(
6
2
)
)/2 = 240, (32×
(
6
4
)
)/22 = 240, and 16, respec-
tively.
The stabilizerM{p0,p1} inM of {p0, p1} is generated by s1′ , s1, s3, s4, s5 and
is isomorphic to S4×S2×S2. There are three orbits of the action of M{p0,p1}
on GL\M ,and the three orbits are given by {3, 4, 5, 6}, {3, 4, 5, 6}, {1, 1, 2, 2}.
The stabilizer M{p0,n4} in M of {p0, n4} is generated by s1, s2, s4, λ1, λ2,
where
λ1 = s4s5s4s3s4s5s4,
λ2 = s1s2s1s1′s2s1s5s4s3s2s1s1′s2s3s4s5s4.
If ~x = (a, b, c, d, e, f, g)T ∈ V , then the actions of λ1 and λ2 on ~x are given
by
λ1~x = (a, b, e− d, e− c, e, 1 + a + b− g, 1 + a+ b− f)
T
and
λ2~x = (e− a, e− b, e− c, e− d, e, 1 + e− f, 1 + e− g)
T .
The actions of λ1 and λ2 on GL\M are given by
(
1 2 3 4 5 6
1 2 6 4 5 3
)
and(
1 2 3 4 5 6
1 2 3 5 4 6
)
, respectively. The groupM{p0,n4} is isomorphic to S4×
S2 × S2. There are three orbits of the action of M{p0,n4} on GL\M , and the
three orbits are given by {4, 5}, {4, 5}, {1, 1, 2, 2, 3, 3, 6, 6}.
The stabilizerM{p0,n0} inM of {p0, n0} is generated by s1, s2, s3, s4, s5, w0,
where w0 is the central involution of M . The group M{p0,n0} is isomorphic
to S6 × S2. The action of M{p0,n0} on GL\M is transitive and thus we have
only one orbit.
An application of Lemma 4.3 now leads to the result in Proposition 4.5.
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5 The eighteen three-term relations
In this section and the next, we present our main results concerning three-
term relations among the functions K(~x) and L(~x).
To this end, we make several definitions. The first of these describes
certain quantities in terms of which all coefficients in all three-term relations
will ultimately be expressed.
Definition 5.1. (a) For a1, a2, . . . , an ∈ C and n ∈ Z
+, we write
S(a1, a2, . . . , an) = sin πa1 sin πa2 · · · sin πan.
(b) For ~x ∈ V , we define:
A(~x) =
1
Γ(a)Γ(b)Γ(c)Γ(d)
(also often denoted A(a, b, c, d));
B1(~x) = π
−4S(b, c)
[
S(b− a, c− a, d) + S(e− a, f − a, g − a)
]
;
B2(~x) = π
−4S(f − a, g − a)
×
[
S(b− a, c− a, d− a) + S(e− 2a, f − a, g − a)
]
;
B3(~x) =
1
π4S(f − g)
[
S(f, f − e, g − a, g − b, g − c, g − d)
−S(g, g − e, f − a, f − b, f − c, f − d)
]
;
B4(~x) = π
−4S(f − a, g − a)
[
S(b, c, d) + S(e− a, f, g)
]
;
B5(~x) = π
−4S(b, e− b)
[
S(b− a, c− a, d− a) + S(e− 2a, f − a, g − a)
]
;
C(~x) =
S(e− a, f − a, g − a)
π8
[
S(b, c, d)
(
S(b− a, c− a, d− a)
+S(e− 2a, f − a, g − a)
)
+S(e, f − a, g − a)
(
S(b, c, d)
+S(e− a, f, g)
)]
= π−4S(e− a)
[
S(b, c, d)B2(~x) + S(e, f − a, g − a)B4(~x)
]
.
(c) We definite the length of any product of the above functions S, A,
Bk (k ∈ {1, 2, 3, 4, 5}), and C to be the number of gamma functions
appearing in the denominator of each summand of that product. Here,
we agree that any sine function in the numerator increases the length
by two (since sin πa = π/(Γ(a)Γ(1− a)), and that any sine function in
the denominator decreases the length by two.
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(d) We define the width of any product of the above functions S, A, Bk
(k ∈ {1, 2, 3, 4, 5}), and C to be the number of summands comprising
that product.
In particular, S(x1, x2, . . . , xn) has length 2n and width 1, A(~x) has length
4 and width 1, each Bk(~x) (k ∈ {1, 2, 3, 4, 5}) has length 10 and width 2, and
C(~x) has length 18 and width 4.
Note also that, while B3(~x) (alone among the above coefficients) has a sine
function in its denominator, the resulting singularities in B3(~x) are removable
(since the zeros of sin π(f − g) are also zeros of the numerator of B3(~x)).
Let us now define
T = (GL\M) ∪ (GK\M).
(Note that |T | = 12+32 = 44.) We extend the notions of Hamming distance
and Hamming type on GK\M , cf. Definitions 3.1 and 3.3 above, to obtain
notions of distance and type on T , as follows.
Definition 5.2. (a) If σ, τ ∈ T , then the distance d(σ, τ) between σ and
τ is defined to be
(i) 0 if σ = τ .
(ii) 2 if: σ, τ ∈ GK\M and the Hamming distance between σ and τ is
2, or (in the case where either σ or τ belongs toGL\M) σ and τ are
not opposite. Here, two cosets in T are said to be opposite if some
element of the former coset equals the central involution times
some element of the latter. Otherwise, they are not opposite.
(iii) 4 if: σ, τ ∈ GK\M and the Hamming distance between σ and τ is
4, or (in the case where either σ or τ belongs to GL\M) σ and τ
are opposite.
(iv) 6 if σ, τ ∈ GK\M and the Hamming distance between σ and τ is
6.
(b) By the type of a three-element subset {σ, τ, µ} of T , we mean the symbol
abc, where a, b, and c are the integers d(σ, τ), d(σ, µ), and d(τ, µ),
written in weakly increasing order.
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For example, consider the set {p0, 1, 2}, and refer to the characterizations
of GK\M and GL\M given in Section 3 (see (3.5), (3.6), and (3.7)) above.
On the one hand, 1 and 2 are not opposite because, as follows from Defini-
tion 3.5 above, i, j ∈ GL\M are opposite if and only if {i, j} = {k, k} for
some k ∈ {1, 2, 3, 4, 5, 6}. On the other hand, p0 is opposite 1, because the
transformation ρ ∈ 1 defined by
ρ~x = (1− a, e− a, f − a, g − a, 1 + d− a, 1 + c− a, 1 + b− a)T
equals w0ν, where ν ∈ p0 is defined by
ν~x = (a, 1 + a− e, 1 + a− f, 1 + a− g, 1 + a− d, 1 + a− c, 1 + a− b)T .
(It is clear from Definition 2.1 that K(~x) is invariant under ν.) Similarly, p0
is opposite 2. So {p0, 1, 2} has type 244.
Remark 5.3. d(σ, τ) defines a metric on T . Indeed, the only way integers
a, b, c ∈ {2, 4, 6} can fail to satisfy a ≤ b + c is when a = 6 and b = c = 2.
But it follows from Definition 5.2, and from Proposition 6.5(iv) of [9], that a
set {σ, τ, µ} ⊂ T must have type 222, 224, 244, 246, or 444.
It is readily checked that d(σ, τ) is invariant under the action of the
Coxeter group M : d(σg, τg) = d(σ, τ) for all g ∈ M and σ, τ ∈ T .
Let us now denote by Jσ , for σ ∈ T , the K or L function associated with
σ—that is, Jσ(~x) = Lσ(~x) if σ ∈ GL\M , and Jσ(~x) = Kσ(~x) if σ ∈ GK\M .
Let us also write
T (3) = {three-element subsets S ⊂ T}.
We have the following main theorem.
Theorem 5.4. (a) The action of M by right multiplication (elementwise)
on T (3) partitions this set into eighteen orbits. More specifically, there
are:
(i) two orbits each of whose elements S is a set containing three ele-
ments of GL\M ;
(ii) four orbits each of whose elements S is a set containing one ele-
ment of GK\M and two elements of GL\M ;
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(iii) seven orbits each of whose elements S is a set containing one
element of GL\M and two elements of GK\M ;
(iv) five orbits each of whose elements S is a set containing three ele-
ments of GK\M .
(b) Let {σ, τ, µ} ∈ T (3). Then there is a relation of the form
γ1Jσ(~x) + γ2Jτ (~x) + γ3Jµ(~x) = 0, (5.1)
where each of the coefficients γ1, γ2, γ3 is a product of:
(i) at most one function of the form S(x), where x is a coordinate of
g~x for some g ∈M , and
(ii) at most four functions of the form A(g~x) (g ∈M), and
(iii) at most one function of the form Bk(g~x) (k = 1, 2, 3, 4, or 5) or
C(g~x) (g ∈ M).
(c) If {σ, τ, µ} and {σ′, τ ′, µ′} are in the same orbit under the action of
M on T (3) described above, then a three-term relation among Jσ, Jτ ,
and Jµ can be transformed into one among Jσ′, Jτ ′, and Jµ′ by the
application of a single change of variable
~x 7→ ρ~x (ρ ∈M)
to all elements (including the coefficients) of the first relation.
(d) For any ℓ ∈ {1, 2, 3}, let {j, k} = {1, 2, 3} \ {ℓ}. Then, in a relation
(5.1), each coefficient γℓ has width 2
d(µj ,µk)/2−1.
(e) In any three-term relation (5.1), all coefficients have length
2(a+ b+ c)− 6,
where abc is the type of {σ, τ, µ}.
Part (a) of the above theorem has already been demonstrated—see Sec-
tions 3 and 4 above. To prove the other parts of the theorem, it will suffice
to produce, for each of the eighteen orbits described above, a relation (5.1)
for one particular representative {σ, τ, µ} of that orbit, such that each of the
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eighteen relations produced satisfies the conclusions of parts (d) and (e) of
the theorem.
We will present the required relations in Propositions 6.1–6.18 below. For
the proofs of these, we will first need the following trigonometric identities.
Lemma 5.5. (a) For p, q, r, s ∈ C, we have
S(p− q, r − s)− S(p− r, q − s) = −S(q − r, p− s).
(b) For (a, b, c, d, e, f, g)T ∈ V , we have
S(g − a, f − b, f − c, f − d)− S(f − a, g − b, g − c, g − d)
=S(f − g)
[
S(b− a, c− a, d− a) + S(e− 2a, f − a, g − a)
]
.
Proof. Part (a) may be proved directly, by expanding
S(p− q, r − s)− S(p− r, q − s) + S(q − r, p− s)
into sines and cosines of p, q, r, and s alone, and observing that the resulting
summands cancel pairwise.
To prove part (b) we note that, by part (a),
S(b− a, c− a, d− a) + S(e− 2a, f − a, g − a)
=S(b− a)
[
S(g − c, g − d)− S(g − a, g + a− c− d)
]
+S(g − a)
[
S(a+ b− e, b− f)− S(b− a, c+ d− a− g)
]
=S(b− a, g − c, g − d) + S(a+ b− e, b− f, g − a),
so again by part (a),
S(g − a, f − b, f − c, f − d)− S(f − a, g − b, g − c, g − d)
−S(f − g)
[
S(b− a, c− a, d− a) + S(e− 2a, f − a, g − a)
]
=S(g − a, f − b)
[
S(f − c, f − d) + S(f − g, a+ b− e)
]
−S(g − c, g − d)
[
S(f − a, g − b) + S(f − g, b− a)
]]
=S(g − a, f − b)S(g − c, g − d)− S(g − c, g − d)S(f − b, g − a)
= 0.
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6 Explicit statement and derivation of the
three-term relations
We now proceed with the derivations of our relations.
6.1 Type 222 relations
There are four relations of Type 222: the Orbit 1 (L,K,K) relation, the
Orbit 1 (K,L, L) relation, the Hamming type 222 (K,K,K) relation, and
the L-coherent (L, L, L) relation. In any such relation, the coefficient of any
K or L function has length 2(2 + 2 + 2)− 6 = 6.
Proposition 6.1. We have the Orbit 1 (L,K,K) relation
S(a)A(b, 1 + b− e, 1 + b− f, 1 + b− g)Kp0(~x)
−S(b)A(a, 1 + a− e, 1 + a− f, 1 + a− g)Kp1(~x)
−S(b− a)A(a, b, c, d)L3(~x) = 0. (6.1)
Proof. By the definitions of Kp0(~x) and Kp1(~x), the left hand side of (6.1)
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equals
S(a)
Γ(b)Γ(1 + b− e)Γ(1 + b− f)Γ(1 + b− g)
×
1
S(a)Γ(a)Γ(b)Γ(c)Γ(d)Γ(a)Γ(1 + a− e)Γ(1 + a− f)Γ(1 + a− g)
×
(
4F
∗
3
[
a, b, c, d;
e, f, g;
1
]
+ 4F
∗
3
[
a, 1 + a− e, 1 + a− f, 1 + a− g;
1 + a− b, 1 + a− c, 1 + a− d;
1
])
−
S(b)
Γ(a)Γ(1 + a− e)Γ(1 + a− f)Γ(1 + a− g)
×
1
S(b)Γ(a)Γ(b)Γ(c)Γ(d)Γ(b)Γ(1 + b− e)Γ(1 + b− f)Γ(1 + b− g)
×
(
4F
∗
3
[
b, a, c, d;
e, f, g;
1
]
+ 4F
∗
3
[
b, 1 + b− e, 1 + b− f, 1 + b− g;
1 + b− a, 1 + b− c, 1 + b− d;
1
])
=
1[
Γ(a)Γ(b)Γ(c)Γ(d)Γ(a)Γ(1 + a− e)Γ(1 + a− f)
×Γ(1 + a− g)Γ(b)Γ(1 + b− e)Γ(1 + b− f)Γ(1 + b− g)
]
×
(
4F
∗
3
[
a, 1 + a− e, 1 + a− f, 1 + a− g;
1 + a− b, 1 + a− c, 1 + a− d;
1
]
− 4F
∗
3
[
b, 1 + b− e, 1 + b− f, 1 + b− g;
1 + b− a, 1 + b− c, 1 + b− d;
1
])
=S(b− a)A(a, b, c, d)L3(~x).
Proposition 6.2. We have the Orbit 1 (K,L, L) relation
S(f − e)A(1− a, e− a, f − a, g − a)Kp0(~x)
+S(f − a)A(e− a, e− b, e− c, e− d)L6(~x)
−S(e− a)A(f − a, f − b, f − c, f − d)L5(~x) = 0. (6.2)
Proof. Consider the transformations
~x→ (a, b, e− c, e− d; e, 1 + a+ b− f, 1 + a + b− g)T
and
~x→ (a, b, f − c, f − d; f, 1 + a+ b− e, 1 + a + b− g)T .
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Application of the first of these to our Orbit 1 (L,K,K) relation (6.1) yields
a relation among Kp0(~x), Kp1(~x), and L6(~x), while application of the second
to (6.1) yields a relation among Kp0(~x), Kp1(~x), and L5(~x). Eliminating
Kp1(~x) from this pair of newly formed relations, and applying the identity
Γ(s)Γ(1− s) = π/ sin πs, we get
A(1− a, e− a, f − a, g − a)
[
S(f − a, e− b)− S(e− a, f − b)
]
Kp0(~x)
−S(f − a, b− a)A(e− a, e− b, e− c, e− d)L6(~x)
+S(e− a, b− a)A(f − a, f − b, f − c, f − d)L5(~x) = 0. (6.3)
But Lemma(5.5)(a) tells us that
S(f − a, e− b)− S(e− a, f − b) = S(a− b, f − e);
dividing (6.3) through by S(a− b) therefore yields (6.2).
Proposition 6.3. We have the Hamming type 222 (K,K,K) relation
S(c− b)A(1− a, e− a, f − a, g − a)Kp0(~x)
+S(a− c)A(1− b, e− b, f − b, g − b)Kp1(~x)
+S(b− a)A(1− c, e− c, f − c, g − c)Kp2(~x) = 0. (6.4)
Proof. This is Proposition 7.3 in [9] (under the renormalization of K(~x) de-
scribed in Section 2—cf. Remark 2.1—above).
Proposition 6.4. We have the L-coherent (L, L, L) relation
S(f − g)A(e− a, e− b, e− c, e− d)L6(~x)
+S(g − e)A(f − a, f − b, f − c, f − d)L5(~x)
+S(e− f)A(g − a, g − b, g − c, g − d)L4(~x) = 0. (6.5)
Proof. This is Proposition 7.2 in [20].
6.2 Type 224 relations
There are five relations of Type 224: the Orbits 3 and 4 (L,K,K) relations,
the L-incoherent (L, L, L) relation, the Hamming type 224 (K,K,K) rela-
tion, and the Orbit 2 (K,L, L) relation. In any such relation, the coefficient
of any K or L function has length 2(2 + 2 + 4)− 6 = 10.
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Proposition 6.5. We have the Orbit 3 (L,K,K) relation
S(c)A(1− a, e− a, f − a, g − a)A(b, 1 + b− e, 1 + b− f, 1 + b− g)Kp0(~x)
−S(b− a)A(a, b, c, d)A(1− c, e− c, f − c, g − c)L1(~x)
−B1(~x)Kp1(~x) = 0. (6.6)
Proof. Applying, to our Orbit 1 (K,L, L) relation (6.2), the change of vari-
able
~x→ (b, 1 + b− e, 1 + b− f, 1 + b− g, 1 + b− a, 1 + b− c, 1 + b− d),
we obtain a relation among Kp1(~x), L3(~x), and L1(~x). We form a linear
combination of this relation with our Orbit 1 (L,K,K) relation (6.1), to
eliminate L3(~x). The result is
S(a, c)A(1− a, e− a, f − a, g − a)
×A(b, 1 + b− e, 1 + b− f, 1 + b− g)Kp0(~x)
−S(a, b− a)A(a, b, c, d)A(1− c, e− c, f − c, g − c)L1(~x)
+
[
S(a− c, b− a)A(a, b, c, d)A(1− a, 1− b, 1− c, 1− d)
−S(b, c)A(1− a, e− a, f − a, g − a)A(a, 1 + a− e, 1 + a− f, 1 + a− g)
]
×Kp1(~x) = 0. (6.7)
Because Γ(s)Γ(1 − s) = π/ sinπs, the quantity in square brackets, in (6.7),
equals
− π−4
[
S(a, b, c, d, b− a, c− a)− S(a, b, c, e− a, f − a, g − a)
]
= − S(a)B1(~x),
so dividing (6.7) through by S(a) yields (6.6).
Proposition 6.6. We have the Orbit 4 (L,K,K) relation
S(f − a)A(1− a, e− a, f − a, g − a)
×A(1 + a− g, 1 + b− g, 1 + c− g, 1 + d− g)Kp0(~x)
−S(g − a)A(f − a, f − b, f − c, f − d)
×A(a, 1 + a− e, 1 + a− f, 1 + a− g)Kn4(~x)
−B2(~x)L4(~x) = 0. (6.8)
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Proof. By applying, to our Orbit 1 (K,L, L) relation (6.2), the interchange
of e and g and then, separately, the change of variable
~x→ (e− a, e− b, e− c, e− d, 1 + e− f, 1 + e− g, e)T ,
we obtain a relation among Kp0(~x), L4(~x), and L5(~x), and another among
Kn4(~x), L4(~x), and L5(~x). From these latter two three-term relations, we
form a linear combination to eliminate L5(~x). We get
S(f − a, f − g)A(1− a, e− a, f − a, g − a)
×A(1 + a− g, 1 + b− g, 1 + c− g, 1 + d− g)Kp0(~x)
−S(g − a, f − g)A(f − a, f − b, f − c, f − d)
×A(1 + a− e, 1 + a− f, 1 + a− g, a)Kn4(~x)
−
[
S(g − a, g − a)A(f − a, f − b, f − c, f − d)
×A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
−S(f − a, f − a)A(g − a, g − b, g − c, g − d)
×A(1 + a− g, 1 + b− g, 1 + c− g, 1 + d− g)
]
L4(~x) = 0. (6.9)
But, because Γ(s)Γ(1−s) = π/ sin πs, and by Lemma 5.5(b), the above term
in square brackets equals
π−4S(f − a, g − a)
× [S(g − a, f − b, f − c, f − d)− S(f − a, g − b, g − c, g − d)]
=π−4S(f − a, g − a, f − g)[S(b− a, c− a, d− a) + S(e− 2a, f − a, g − a)]
=S(f − g)B2(~x). (6.10)
So dividing (6.9) through by S(f − g) yields (6.8).
Proposition 6.7. We have the L-incoherent (L, L, L) relation
S(g)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×A(e− a, e− b, e− c, e− d)L6(~x)
+S(e− f)A(a, b, c, d)A(g − a, g − b, g − c, g − d)L6(~x)
−B3(~x)L5(~x) = 0. (6.11)
Proof. Multiplying equation (7.7) in [20] through by
S(e− f, g)
S(f − g)
×B(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)B(g − a, g − b, g − c, g − d),
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and applying the identity Γ(s)Γ(1− s) = π/ sin πs, yields
S(g)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×A(e− a, e− b, e− c, e− d)L6(~x)
−
1
π4A(f − g)
[
A(g, g − e, f − a, f − b, f − c, f − d)
−A(f, e− f, g − a, g − b, g − c, g − d)
]
L5(~x)
+S(e− f)A(a, b, c, d)A(g − a, g − b, g − c, g − d)L6(~x) = 0,
which is precisely (6.11).
Proposition 6.8. We have the Orbit 2 (K,L, L) relation
S(g)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×A(1− a, e− a, f − a, g − a)Kp0(~x)
+S(f − a)A(a, b, c, d)A(g − a, g − b, g − c, g − d)L6(~x)
−B4(~x)L5(~x) = 0. (6.12)
Proof. We take a linear combination of the Orbit 1 (K,L, L) relation (6.2)
with the L-incoherent (L, L, L) relation (6.11), to eliminate L6(~x). We get
S(g, f − e)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×A(1− a, e− a, f − a, g − a)Kp0(~x)
−S(f − a, e− f)A(a, b, c, d)A(g − a, g − b, g − c, g − d)L6(~x)
−
[
S(g, e− a)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×A(f − a, f − b, f − c, f − d)
−S(f − a)B3(~x)
]
L5(~x) = 0. (6.13)
29
We observe that the quantity in square brackets, in (6.13), equals
1
π4S(f − g)

 S(g, f − g, e− a, f − a, f − b, f − c, f − d)−S(f, f − e, f − a, g − a, g − b, g − c, g − d)
+S(g, g − e, f − a, f − a, f − b, f − c, f − d)


=
1
π4S(f − g)

 S(g, f − a, f − b, f − c, f − d)×[S(f − g, e− a) + S(g − e, f − a)]
−S(f, f − e, f − a, g − a, g − b, g − c, g − d)


=
S(f − e, f − a, g − a)
[
S(g, f − b, f − c, f − d)− S(f, g − b, g − c, g − d)
]
π4S(f − g)
=
S(f − e, f − a, g − a)
[
S(b, c, d) + S(e− a, f, g)
]
π4
= S(f − e)B4(~x),
where we have used parts (a) and (b) of Lemma (5.5). Dividing equation
(6.13) through by S(f − e) then yields (6.12).
Proposition 6.9. We have the Hamming type 224 (K,K,K) relation
S(e− a− b)A(1− a, e− a, f − a, g − a)
×A(b, 1 + b− e, 1 + b− f, 1 + b− g)Kp0(~x)
+S(b− a)A(1 + a− e, 1 + b− e, g − c, g − d)
×A(a, b, f − c, f − d)Kn4(~x)
−B5(~x)Kp1(~x) = 0. (6.14)
Proof. If we divide equation (7.4) in [9] through by π3Γ(b), and recall that the
function K(~x) defined there is π/Γ(1−a) times the function K(~x) appearing
here, then we get (in terms of the present normalization of K(~x)):
S(e− a− b)A(1− a, e− a, f − a, g − a)
×A(b, 1 + b− e, 1 + b− f, 1 + b− g)Kp0(~x)
+
S(b, e− b)
π4S(c− b)
[
sin π(a− c) sin π(e− a− b) sin π(f − b) sin π(g − b)
− sin π(a− b) sin π(e− a− c) sin π(f − c) sin π(g − c)
]
·Kp1(~x)
+S(b− a)A(1 + a− e, 1 + b− e, g − c, g − d)A(a, b, f − c, f − d)Kn4(~x)
= 0. (6.15)
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But by Lemma 5.5(b),
S(b, e− b)
π4S(c− b)
[
sin π(a− c) sin π(e− a− b) sin π(f − b) sin π(g − b)
− sin π(a− b) sin π(e− a− c) sin π(f − c) sin π(g − c)
]
= −
S(b, e− b)
π4
[
S(b− a, c− a, d− a) + S(e− 2a, f − a, g − a)
]
= −B5(~x),
so (6.15) yields (6.14).
6.3 Type 244 relations
There are five relations of Type 244: the Orbits 3 and 4 (K,L, L) relations,
the Orbits 2 and 6 (L,K,K) relations, and the Hamming type 244 (K,K,K)
relation. In any such relation, the coefficient of any K or L function has
length 2(2 + 4 + 4)− 6 = 14.
Proposition 6.10. We have the Orbit 3 (K,L, L) relation
A(1− a, e− a, f − a, g − a)B3(~x)Kp0(~x)
+S(e− a)A(f − a, f − b, f − c, f − d)
×A(g − a, g − b, g − c, g − d)A(a, b, c, d)L6(~x)
−A(e− a, e− b, e− c, e− d)B4(~x)L6(~x) = 0. (6.16)
Proof. We form a linear combination of our Orbit 1 (K,L, L) relation (6.2)
and our L-incoherent (L, L, L) relation (6.11), to eliminate L5(~x). We get
S(f − e)A(1− a, e− a, f − a, g − a)B3(~x)Kp0(~x)
−S(e− a, e− f)A(f − a, f − b, f − c, f − d)
×A(a, b, c, d)A(g − a, g − b, g − c, g − d)L6(~x)
+A(e− a, e− b, e− c, e− d)
×
[
S(f − a)B3(~x)− S(e− a, g)A(f − a, f − b, f − c, f − d)
×A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
]
L6(~x) = 0. (6.17)
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But the term in square brackets, in (6.17), equals
1
π4S(f − g)

 S(f − a, f, f − e, g − a, g − b, g − c, g − d)−S(f − a, g, g − e, f − a, f − b, f − c, f − d)
−S(f − g, e− a, g, f − a, f − b, f − c, f − d)


=
1
π4S(f − g)

S(f − a, f, f − e, g − a, g − b, g − c, g − d)−S(g, f − a, f − b, f − c, f − d)
×[S(f − a, g − e) + S(f − g, e− a)
]


=
1
π4S(f − g)
[
S(f − a, f, f − e, g − a, g − b, g − c, g − d)
−S(f − e, g − a, g, f − a, f − b, f − c, f − d)
]
=
S(f − e, f − a, g − a)
π4S(f − g)
[
S(f, g − b, g − c, g − d)
−S(g, f − b, f − c, f − d)
]
= −
S(f − e, f − a, g − a)
π4
[
S(b, c, d)
+S(e− a, f, g)
]
= −S(f − e)B4(~x),
where we have used parts (a) and (b) of Lemma 5.5. So dividing (6.17)
through by S(f − e) yields (6.16).
Proposition 6.11. We have the Orbit 4 (K,L, L) relation
S(d− c)A(1− a, e− a, f − a, g − a)
×A(1− a, 1− b, 1− c, 1− d)A(b, 1 + b− e, 1 + b− f, 1 + b− g)Kp0(~x)
−A(1− c, e− c, f − c, g − c)B1(a, b, d, c, e, f, g)L1(~x)
+A(1− d, e− d, f − d, g − d)B1(~x)L2(~x) = 0. (6.18)
Proof. From our Orbit 3 (L,K,K) relation (6.6) and its image under the
transposition of c and d, we form a linear combination to eliminate Kp1(~x).
We get
A(1− a, e− a, f − a, g − a)A(b, 1 + b− e, 1 + b− f, 1 + b− g)
×
[
S(c)B1(a, b, d, c, e, f, g)− S(d)B1(~x)
]
Kp0(~x)
−S(b− a)A(a, b, c, d)A(1− c, e− c, f − c, g − c)B1(a, b, d, c, e, f, g)L1(~x)
+S(b− a)A(a, b, c, d)A(1− d, e− d, f − d, g − d)B1(~x)L2(~x) = 0. (6.19)
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But the quantity in square brackets, in (6.19), equals
S(b, c, d)
π4
[
S(b− a, c, d− a) + S(e− a, f − a, g − a)
−S(b− a, d, c− a)− S(e− a, f − a, g − a)
]
=
S(b, c, d, b− a)
[
S(d− a, c)− S(c− a, d)
]
π4
=
S(a, b, c, d, b− a, d− c)
π4
by Lemma (5.5), so dividing (6.19) through by S(b − a)A(a, b, c, d) yields
(6.18).
Proposition 6.12. We have the Orbit 2 (L,K,K) relation
A(1− a, e− a, f − a, g − a)B4(b, a, c, d, e, f, g)Kp0(~x)
−A(1− b, e− b, f − b, g − b)B4(~x)Kp1(~x)
−S(b− a)A(f − a, f − b, f − c, f − d)A(g − a, g − b, g − c, g − d)
×A(a, b, c, d)L6(~x) = 0. (6.20)
Proof. Transposing a and b in our Orbit 2 (K,L, L) relation (6.12) yields a
relation among Kp1(~x), L6(~x), and L5(~x). An appropriate combination of
this relation with (6.12) effects the elimination of L5(~x), thus:
S(g)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×A(1− a, e− a, f − a, g − a)B4(b, a, c, d, e, f, g)Kp0(~x)
−S(g)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×A(1− b, e− b, f − b, g − b)B4(~x)Kp1(~x)
−A(a, b, c, d)A(g − a, g − b, g − c, g − d)
×
[
S(f − b)B4(~x) + S(f − a)B4(b, a, c, d, e, f, g)
]
L6(~x) = 0. (6.21)
But the quantity in square brackets, in (6.21), equals
1
π4
[
S(f − b, f − a, g − a)
[
S(b, c, d) + S(e− a, f, g)
]
−S(f − a, f − b, g − b)
[
S(a, c, d) + S(e− b, f, g)
]]
=
S(f − a, f − b)
π4
[
S(c, d)
[
S(g − a, b)− S(g − b, a)
]
+S(f, g)
[
S(g − a, e− a) + S(g − b, e− b)
]]
=π−4S(f − a, f − b)
[
S(c, d, b− a, g) + S(f, g, b− a, f − c− d)
]
=π−4S(f − a, f − b, g, b− a)
[
S(c, d) + S(f, f − c− d)
]
=π−4S(f − a, f − b, f − c, f − d, g, b− a). (6.22)
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So dividing (6.21) through by S(g)A(1+ a− f, 1+ b− f, 1+ c− f, 1+ d− f)
yields (6.20).
Proposition 6.13. We have the Orbit 6 (L,K,K) relation
S(a)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×A(1 + a− g, 1 + b− g, 1 + c− g, 1 + d− g)A(1− a, e− a, f − a, g − a)
×Kp0(~x)
−A(a, 1 + a− e, 1 + a− f, 1 + a− g)B4(~x)Kn4(~x)
−A(a, b, c, d)B2(~x)L6(~x) = 0. (6.23)
Proof. Applying the change of variable
~x→ (e− a, e− b, e− c, e− d, e, 1 + e− f, 1 + e− g)T
to our Orbit 1 (K,L, L) relation (6.2) yields a relation among Kn4(~x), L6(~x),
and L4(~x). We combine this with our Orbit 4 (L,K,K) relation (6.8) to
eliminate L4(~x). We get
S(a, f − a)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×A(1 + a− g, 1 + b− g, 1 + c− g, 1 + d− g)A(1− a, e− a, f − a, g − a)
×Kp0(~x)
−A(a, 1 + a− e, 1 + a− f, 1 + a− g)
[
S(f)B2(~x)
+S(a, g − a)A(f − a, f − b, f − c, f − d)
×A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
]
Kn4(~x)
−S(f − a)A(a, b, c, d)B2(~x)L6(~x) = 0. (6.24)
But the quantity in square brackets, in (6.24), equals
S(f − a, g − a)
π4
[
S(f)
[
S(b− a, c− a, d− a) + S(e− 2a, f − a, g − a)
]
+S(a, f − b, f − c, f − d)
]
=
S(f − a, g − a)
π4
[
S(f, b− a, c− a, d− a) + S(a, f − b, f − c, f − d)
]
+S(f, e− 2a, f − a, g − a)
]
=
S(f − a, g − a, f − a)
π4
[
S(b, c, d) + S(a, f, g − e)
+S(f, e− 2a, g − a)
]
=
S(f − a, g − a, f − a)
π4
[
S(b, c, d)
+S(e− a, f, g)
]
= S(f − a)B4(~x), (6.25)
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where we have used parts (a) and (b) of Lemma 5.5. So dividing (6.24)
through by S(f − a) yields (6.23).
Proposition 6.14. We have the Hamming type 244 (K,K,K) relation
S(f − e)A(1− a, 1− b, 1 + c− g, 1 + d− g)
×A(b, 1 + b− e, 1 + b− f, 1 + b− g)A(1− a, e− a, f − a, g − a)Kp0(~x)
−A(1 + a− e, 1 + b− e, f − c, f − d)B5(a, b, c, d, f, e, g)Kn4(~x)
+A(1 + a− f, 1 + b− f, e− c, e− d)B5(~x)Kn8(~x) = 0. (6.26)
Proof. Multiplying equation (7.5) in [9] through by S(b)Γ(a)Γ(g − c)Γ(g −
d)/π4, and recalling that the function K(~x) defined there is π/Γ(1−a) times
the one defined here, we get (in terms of the present function K(~x))
S(f − e)A(1− a, 1− b, 1 + c− g, 1 + d− g)
×A(b, 1 + b− e, 1 + b− f, 1 + b− g)A(1− a, e− a, f − a, g − a)Kp0(~x)
+A(1 + a− e, 1 + b− e, f − c, f − d)
×
S(b, f − b)
S(c− b)
[
sin π(a− c) sinπ(f − a− b) sin π(e− b) sin π(g − b)
− sin π(a− b) sin π(f − a− c) sin π(e− c) sinπ(g − c)
]
×Kn4(~x)
−A(1 + a− f, 1 + b− f, e− c, e− d)
×
S(b, e− b)
S(c− b)
[
sin π(a− c) sin π(e− a− b) sin π(f − b) sin π(g − b)
− sin π(a− b) sin π(e− a− c) sin π(f − c) sin π(g − c)
]
×Kn8(~x) = 0. (6.27)
Applying Lemma 5.5(b) to the terms in square brackets, in (6.27), yields
(6.26).
6.4 Type 246 relations
There are two relations of Type 246: the Orbit 7 (L,K,K) relation and the
Hamming type 246 (K,K,K) relation. In any such relation, the coefficient
of any K or L function has length 2(2 + 4 + 6)− 6 = 18.
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Proposition 6.15. We have the Orbit 7 (L,K,K) relation
A(1 + a− e, 1 + b− e, 1 + c− e, 1 + d− e)A(1− a, e− a, f − a, g − a)
×B4(~x)Kp0(~x)
−S(e− a)A(f − a, f − b, f − c, f − d)A(g − a, g − b, g − c, g − d)
×A(a, b, c, d)A(a, 1 + a− e, 1 + a− f, 1 + a− g)Kn0(~x)
−C(~x)L6(~x) = 0. (6.28)
Proof. Applying the central involution
~x→ (1− a, 1− b, 1− c, 1− d, 2− e, 2− f, 2− g)T
to our Orbit 2 (K,L, L) relation (6.12) yields a relation amongKn0(~x), L6(~x),
and L5(~x). On the other hand, transposing e and f in (6.12) yields a relation
among Kp0(~x), L5(~x), and L6(~x). Of the two new relations thus formed, we
fashion a linear combination to eliminate L5(~x). We get
S(g)A(1 + a− e, 1 + b− e, 1 + c− e, 1 + d− e)
×A(1− a, e− a, f − a, g − a)B4(~x)Kp0(~x)
−S(g, e− a)A(f − a, f − b, f − c, f − d)A(g − a, g − b, g − c, g − d)
×A(a, b, c, d)A(a, 1 + a− e, 1 + a− f, 1 + a− g)Kn0(~x)
+
[
S(e− a, f − a)A(a, b, c, d)A(1− a, 1− b, 1− c, 1− d)
×A(g − a, g − b, g − c, g − d)A(1 + a− g, 1 + b− g, 1 + c− g, 1 + d− g)
−B4(~x)B4(a, b, c, d, f, e, g)
]
L6(~x) = 0. (6.29)
But, by parts (a) and (b) of Lemma 5.5, the quantity in square brackets, in
(6.29), equals
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π−4
[
π−4S(e− a, f − a, a, b, c, d, g − a, g − b, g − c, g − d)
−S(e− a, g − a)
[
S(b, c, d) + S(e, f − a, g)
]
B4(~x)
]
=
S(e− a)
π4
[
π−4S(f − a, a, b, c, d, g − a, g − b, g − c, g − d)
−S(b, c, d, g − a)B4(~x)− S(e, f − a, g − a, g)B4(~x)
]
=
S(e− a)
π4

 π−4S(f − a, a, b, c, d, g − a, g − b, g − c, g − d)−π−4S(b, c, d, g − a, f − a, g − a)[S(b, c, d) + S(e− a, f, g)]
−S(e, f − a, g − a, g)B4(~x)


= −
S(e− a)
π4

π−4S(b, c, d, f − a, g − a)
[
−S(a, g − b, g − c, g − d)
+S(g − a, b, c, d) + S(e− a, f, g − a, g)
]
+S(e, f − a, g − a, g)B4(~x)


= −
S(e− a)
π4

π−4S(b, c, d, f − a, g − a)
[
S(b− a, c− a, d− a, g)
−S(a, g − a, e+ f − 2a, g) + S(e− a, f, g − a, g)
]
+S(e, f − a, g − a, g)B4(~x)


= −
S(e− a)
π4

 π−4S(b, c, d, f − a, g − a)×[S(b− a, c− a, d− a, g) + S(e− 2a, f − a, g − a, g)]
+S(e, f − a, g − a, g)B4(~x)


= − S(g)π−4S(e− a)
[
S(b, c, d)B2(~x) + S(e, f − a, g − a)B4(~x)
]
= − S(g)C(~x).
So dividing (6.29) through by S(g) yields (6.28).
Proposition 6.16. We have the Hamming type 246 (K,K,K) relation
A(1− a, 1− b, 1− c, 1− d)A(1 + a− e, 1 + b− e, 1 + c− e, 1 + d− e)
×B2(~x)Kp0(~x)
+S(e)A(f − a, f − b, f − c, f − d)A(g − a, g − b, g − c, g − d)
× (A(a, 1 + a− e, 1 + a− f, 1 + a− g))2Kn0(~x)
−C(~x)Kp4(~x) = 0. (6.30)
Proof. While this may be deduced from Proposition 7.7 in [9], a more direct,
self-contained derivation may be given as follows. Applying the change of
variable
~x→ (a, 1 + a− e, 1 + a− f, 1 + a− g, 1 + a− b, 1 + a− c, 1 + a− d)T
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to our Orbit 1 (L,K,K) relation (6.1), we obtain a relation among Kp0(~x),
Kp4(~x), and L6(~x). Combining this is an appropriate fashion with our Orbit
7 (K,K,L) relation (6.28), we eliminate L6(~x) to get
A(1 + a− e, 1 + b− e, 1 + c− e, 1 + d− e)
[
S(a)C(~x)
−S(e)A(1− a, e− a, f − a, g − a)
×A(a, 1 + a− e, 1 + a− f, 1 + a− g)B4(~x)
]
Kp0(~x)
+S(e− a, e)A(f − a, f − b, f − c, f − d)A(g − a, g − b, g − c, g − d)
×A(a, b, c, d)(A(a, 1 + a− e, 1 + a− f, 1 + a− g))2Kn0(~x)
−S(e− a)A(a, b, c, d)C(~x)Kp4(~x) = 0. (6.31)
But the quantity in square brackets, in (6.31), equals
S(a)
[
C(~x)− π−4S(e, e− a, f − a, g − a)B4(~x)
]
=π−4S(a, b, c, d, e− a)B2(~x),
by the definition of C(~x). So dividing (6.31) through by S(e− a)A(a, b, c, d)
yields (6.30).
6.5 Type 444 relations
There are two relations of Type 444: the Orbit 5 (L,K,K) relation and the
Hamming type 444 (K,K,K) relation. In any such relation, the coefficient
of any K or L function has length 2(4 + 4 + 4)− 6 = 18. (Note that, while
the coefficients in a type 246 relation have the same length as those in a type
444 relation, the same cannot be said for the widths of these coefficients.
In a relation of the type 246, the three coefficients have widths 1, 2 and 4
respectively, while, in a relation of type 444, all coefficients have width 2.)
Proposition 6.17. We have the Orbit 5 (L,K,K) relation
A(1− a, e− a, f − a, g − a)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×B4(e− a, e− b, e− c, e− d, 1 + e− f, e, 1 + e− g)Kp0(~x)
−A(g − a, g − b, g − c, g − d)A(a, 1 + a− e, 1 + a− f, 1 + a− g)
×B4(a, b, c, d, g, f, e)Kn4(~x)
−A(a, b, c, d)A(e− a, e− b, e− c, e− d)B2(~x)L4(~x) = 0. (6.32)
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Proof. Transposing f and g in our Orbit 4 (L,K,K) relation (6.8) yields a
relation among Kp0(~x), Kn4(~x), and L5(~x), while transposing e and g in our
Orbit 2 (K,L, L) relation (6.12) yields a relation among Kp0(~x), L4(~x), and
L5(~x). We form a linear combination of the two new relations thus formed
to eliminate L5(~x), to get
A(1− a, e− a, f − a, g − a)A(1 + a− f, 1 + b− f, 1 + c− f, 1 + d− f)
×
[
S(g − a)B4(a, b, c, d, g, f, e)− S(e)B2(~x)
]
Kp0(~x)
−S(f − a)A(g − a, g − b, g − c, g − d)
×A(a, 1 + a− e, 1 + a− f, 1 + a− g)B4(a, b, c, d, g, f, e)Kn4(~x)
−S(f − a)A(a, b, c, d)A(e− a, e− b, e− e, g − d)B2(~x)L4(~x) = 0. (6.33)
But the quantity in square brackets, in (6.33), equals
π−4S(f − a, g − a)
×
[
S(e− a)
[
S(b, c, d) + S(e, f, g − a)
]
−S(e)
[
S(b− a, c− a, d− a) + S(e− 2a, f − a, g − a)
]]
= π−4S(f − a, g − a)
×
[
S(e, g − a)
[
S(e− a, f) + S(e− 2a, f − a)
]
+S(e− a, b, c, d)− S(e, b− a, c− a, d− a)
]
= π−4S(f − a, g − a)
×
[
S(e, g − a, a, e+ f − 2a)
+S(a)
[
S(e− b, e− c, e− d) + S(e, e− a, 2a− f − g)
]]
= π−4S(a, f − a, g − a)
×
[
S(e)
[
S(g − a, e+ f − 2a) + S(e− a, 2a− f − g)
]
+S(e− b, e− c, e− d)
]
= π−4S(a, f − a, g − a)
[
S(e− b, e− c, e− d) + S(e, a− f, e− g)
]
=S(f − a)B4(e− a, e− b, e− c, e− d, 1 + e− f, e, 1 + e− g).
So dividing (6.33) through by S(f − a) yields (6.32)
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Proposition 6.18. We have the Hamming type 444 (K,K,K) relation
A(1− a, e− a, f − a, g − a)A(b, 1 + b− e, 1 + b− f, 1 + b− g)
×B5(e− a, b, 1 + b− f, g − a, 1 + b− a, 1 + b+ c− f, 1 + b+ d− f)Kp0(~x)
+A(a, 1 + a− e, f − d, g − d)A(b, 1 + b− e, f − c, g − c)
×B5(1 + b− e, b, f − c, g − c, 1 + a+ b− e, 1 + b− c, 1 + b+ d− e)Kn4(~x)
+A(a, b, c, d)A(e− a, e− b, e− c, e− d)B5(~x)Kp5(~x) = 0. (6.34)
Proof. Multiplying the result of Proposition 7.6 in [9] through by S(b)/Γ(b)
(and recalling that the function K(~x) there is π/Γ(1 − a) times the one in
use here), we get (in terms of the present definition of K(~x))
A(1− a, e− a, f − a, g − a)A(b, 1 + b− e, 1 + b− f, 1 + b− g)
×
S(a, b)
S(f)
[
sin π(c+ d− g) sinπe sin π(f − c) sin π(f − d)
− sin π(e− a− b) sin π(f − e) sin πc sin πd
]
×Kp0(~x)
+A(a, 1 + a− e, f − d, g − d)A(b, 1 + b− e, f − c, g − c)
×
S(b, e− a)
S(f − b− c)
[
sin π(a− b) sin π(g − a− d) sin πc sin π(e− d)
− sin π(a+ c− f) sin πe sin π(f − b) sin π(g − a)
]
×Kn4(~x)
+A(a, b, c, d)A(e− a, e− b, e− c, e− d)
×
S(b, e− b)
S(c− b)
[
sin π(a− c) sin π(e− a− b) sin π(f − b) sin π(g − b)
− sin π(a− b) sin π(e− a− c) sin π(f − c) sin π(g − c)
]
×Kp5(~x) = 0. (6.35)
Applying Lemma 5.5(b) towards simplification of the terms in square brack-
ets, in (6.35), yields (6.34).
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